in which the factors are (I) an abelian p-group with the minimal condition, or (II) a torsion-free abelian group which is rationally irreducible (as a G-module). By induction, we may assume that G has a normal abelian subgroup A satisfying (I) or (II) and GIA is abelian-by-finite. Let HI A be an abelian normal subgroup with finite index in GIA.
Case I. Let A n = fl n (A) and C=C H (A 1 ). Then G/C is finite and C centralizes A n +i/A n for each n. Thus C is hypercentral and hence abelian and G is abelian-by-finite.
Case II. Let C= C G (A); then G = G/C is a soluble irreducible Q-linear group and so has a free abelian normal subgroup F/C of finite index [4, Corollary 1 to Lemma 5.29.1]. Since G e © l 5 F/C has finite rank and, in particular, G is polycyclic.
Let aeA and M = (a a ) so that M is a finitely generated ZG-module. Thus M contains a free abelian subgroup X such that M/X is a Il-group for some finite set II of primes [5, Corollary 1 to Lemma 9.53]. If p^II, then M p " n X = X p " and so Let a&A; then X = (a G )isa finitely generated abelian normal subgroup of G and so there is an integer r such that X r is a free abelian normal subgroup of G. Let GIA = <f 1) ..., f k > with f f = t t A a p r element. Then X'XO/PO"'" is nilpotent. Thus X'^) is residually nilpotent and hence abelian. Thus C G (X r )>A(l 1 , ...,t k )=G and so X r =sZ. In particular a" e Z and so A/Z is periodic.
Let p e tsr(A/Z) and let a = aZ be an element of A/Z of order p. There is an element
and so pe w(G). Since tu(G) is finite, tsr(A/Z) is finite, as required. COROLLARY 
A poly cyclic A-group is centre-by-finite.
It should be noted that ©^A-groups need not be centre-by-finite as the group obtained by taking the split extension of C 3 -by its involution automorphism is an A-group with trivial centre.
Also, neither of Theorems 1 and 2 hold for © 0 -groups in which all nilpotent sections are abelian. For, let p l5 p 2 , . . . and q lt q 2 , •.. be two sequences of distinct primes such thai <j i | Pi -1. If Gj is a nonabelian group of order p^ and G = Dr G h then G is an © o -group i = l in which all the nilpotent sections are abelian. G has trivial centre and is not abelian-byfinite. THEOREM 
If G is an ^x-A-group, then G'C\Z=1. Proof. Let j t e G ' d Z ; then there is a finitely generated subgroup H of G such thai xsHT)t;(H).
Since G is abelian-by-finite (Theorem 1), H is polycyclic and so is residually finite. But by the result for finite soluble groups [8] The significance of Corollary 6 is that it enables us to consider certain factor groupi of G and use induction arguments. In general, if G is an ©i-group, G/G' need not be ai ©j-group. For, let A = Z©Q and extend A by its automorphism a which maps (n, q) t( (n,q + n). Then G is a torsion-free ©i-group but G' = {(0, n):neZ}=£A, so that G/G contains a subgroup isomorphic to Q/Z, which is not an © x -group.
INFINITE SOLUBLE GROUPS 83
We now turn our attention to complementation theorems involving A-groups. If £? is a saturated formation of finite soluble groups and G is a finite soluble group with abelian -residual G 8 , then G splits over G s and the complements are conjugate, being the $-normalizers of G [1] . This theorem has been extended to extensions of abelian Si-groups by hypercentral and hypercyclic groups in [3] and [10] , where it is shown that if G is a group with hypercentral (hypercyclic) residual A such that G/A is hypercentral (hypercyclic) and A is an abelian ©i-group, then G splits over A and the complements are conjugate.
The result given above for finite groups can be extended to: if G is a finite soluble group whose ^-residual G s is an A-group, then the ^-normalizers of G complement G s . (In general, there may be other complements which are not conjugate.) This result has been considered in locally finite groups ( [2] and [9] ) and we can now give a splitting theorem for groups in which the residual is an ©j-A-group. It follows immediately from Theorem 7 that an ©x-A-group G splits over its derived group. In view of Theorem 2 and the known results for locally finite groups we can make this a little more precise. Proof. G/Z is a U-group and so has a basis normalizer D/Z. It is easily checked that D covers every central chief factor of G and avoids every eccentric chief factor.
Conversely, if E is a subgroup with the cover-avoidance property then E s Z and E/Z is a basis normalizer of G/Z [2, Theorem 2.17].
Clearly DG' = G and D n G'Z =£ Z; hence D n G' =s Z n G' = 1.
For finite soluble groups, Seitz and Wright [6] proved the complementation theorem under the weaker condition that Sylow p-subgroups of the g-residual are quaternion-free if p = 2 and modular if p is odd. This result depends on the fact that in such groups 84 M. J. TOMKINSON G M n Z = l , corresponding to our Theorem 4. It is not clear whether some wider generalization of the splitting theorems can be given by considering groups in which the nilpotent sections satisfy some modularity condition. One of the difficulties will be in considering nilpotent residuals which will not usually have a nilpotent factor group.
